In this paper, we construct an effective rotating loop quantum black hole (LQBH) solution, starting from the spherical symmetric LQBH by applying the Newman-Janis algorithm modified by Azreg-Aïnou's non-complexification procedure, and study the effects of loop quantum gravity (LQG) on its shadow. Given the rotating LQBH, we discuss its horizon, ergosurface, and regularity as r → 0. Depending on the values of the specific angular momentum a and the polymeric function P arising from LQG, we find that the rotating solution we obtained can represent a regular black hole, a regular extreme black hole, or a regular spacetime without horizon (a non-black-hole solution). We also study the effects of LQG and rotation, and show that, in addition to the specific angular momentum, the polymeric function also causes deformations in the size and shape of the black hole shadow. Interestingly, for a given value of a and inclination angle θ0, the apparent size of the shadow monotonically decreases, and the shadow gets more distorted with increasing P . We also consider the effects of P on the deviations from the circularity of the shadow, and find that the deviation from circularity increases with increasing P for fixed values of a and θ0. Additionally, we explore the observational implications of P in comparing with the latest Event Horizon Telescope (EHT) observation of the supermassive black hole, M87. The connection between the shadow radius and quasinormal modes in the eikonal limit as well as the deflection of massive particles are also considered.
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I. INTRODUCTION
Recently, the EHT Collaboration announced their first image concerning the detection of an event horizon of a supermassive black hole at the center of a neighboring elliptical M87 galaxy [1] [2] [3] [4] [5] [6] . With this image, it was found that the diameter of the center black hole shadow is (42 ± 3) µas with a deviation 10% from circularity, which leads to a measurement of the center mass, M = (6.5 ± 0.7) × 10 9 M [1] . These results are in good agreement with the predictions of general relativity by assuming the geometry of black hole is described by the Kerr metric. Future improvements of the observations, such as those from the Next Generation Very Large Array [7] , the Thirty Meter Telescope [8] , and BlackHole-Cam [9] , can provide unique opportunities for us to get deep insight on the nature of black hole spacetimes in the regime of strong gravity. More importantly, these precise observations could provide a valuable window to explore, distinguish, or constrain physically viable black hole solutions that exhibit small deviations from the Kerr metric. * zhut05@zjut.edu.cn; Corresponding author A black hole shadow is a two-dimensional dark zone in the celestial sphere caused by the strong gravity of the black hole. The shape and size of the shadow mainly depend on the geometry of the black hole spacetime. With this reason, by observing both the shape and the size of the shadow, one is able to extract valuable information about the black hole spacetime. The theory of black hole shadows has been under investigations for decades, and now is well developed. The calculations of the shadow size and shape, and their observational implications from different black hole spacetimes or spacetimes of compact objects with exotic matters ether in general relativity or in modified theories of gravity have been extensively studied, see, for example, . Recently, the first observational data of the shadow image captured by EHT [1] [2] [3] [4] [5] [6] have been used for constraining the black hole parameters and deviations from the Kerr metric [49] [50] [51] [52] . Although these constraints are still not stringent enough, these works do show that the observational data does have the capacity for constraining black hole parameters beyond those presented in GR. One expects that future precise observations can make more significant constraints.
On the other hand, the strong gravity regime near a black hole is also thought to be a region that may help us to explore the quantum nature of the spacetime. Re-cently, in the context of loop quantum gravity (LQG), a spherical symmetric black hole, known as LQBH or self-dual black hole, was constructed [53] 1 . Several phenomenological implications of this black hole have been investigated [63] [64] [65] [66] [67] [68] [69] . In particular, a rotating LQBH has been constructed by using the Newman-Jains procedure based on the spherical symmetric LQBH [70] . However, it was pointed out [71] that the construction of the rotating LQBH presented in [70] is not valid. Thus it is still an open question for generating rotating LQBH solutions from the spherical symmetrical LQBH by using the Newman-Janis algorithm [72] [73] [74] [75] . In this algorithm, one of the critical steps is how to complexify the radial coordinate r. In fact, there does not exist a standard role to follow, and the complexification is rather arbitrary [76] . Recently, one of us has proposed a new procedure [76, 77] , in which one simply drops the complexification step of the Newman-Janis algorithm. The procedure has been applied to various cases [27, 40, [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] [90] [91] [92] [93] [94] [95] . One of the main purposes of this paper is to construct the rotating LQBH solution by using this new procedure, and then to investigate its main geometric properties and the effects of LQG on the shadow of the rotating LQBH solution.
In addition, it has been explored recently that there may exist interesting connections among different physical phenomenas arising from the strong gravity regime in black holes. In [96] , it was argued by Cardoso et. al. that the black hole quasinormal modes (QNMs) in the eikonal limit can be connected to the last circular null geodesic, in which the real part of the QNMs is related to the angular velocity of the last circular null geodesic, while the imaginary part is related to the Lyapunov exponent that determines the instability time scale of the orbit. Later on, Stefanov et. al. [97] found another connection between black hole QNMs in the eikonal limit and gravitational lensing in the strong deflection limit. Since both the last circular null geodesic and the gravitational lensing in the strong deflection limit are closely related to the boundary of shadow of a black hole, it is natural to ask whether there is a connection between the black hole QNMs and black hole shadow. Recently, such connection has been explored by Jusufi [98] , in which a relation between the real part of the black hole QNMs and shadow radius has been established. In this paper, we would like to extend and apply these works to the LQBH by studying the effects of LQG on the QNMs of the LQBH solution.
The plan of our paper is as follows. In Sec. II, starting from the spherical symmetric LQBH, we generate a rotating LQBH by using the Newman-Janis procedure without the complexification of the radial coordinate. In Sec. III, we study the physical properties of its horizon, ergosurface, and regularity in the limit r → 0. Then, in Sec. IV, with this regular rotating black hole solution, we study the null geodesic equations and orbital equations of photons. In Sec. V, we study the shadow of the rotating LQBH and discuss its size and shape allowing us to investigate the effects of LQG. The connection between the shadow radius and quasinormal modes is presented in Sec. VI. We also derive the deflection of massive particles in this LQBH spacetime in Sec. VII. Our main conclusion are presented in Sec. VIII.
II. A ROTATING LOOP BLACK HOLE
We start with the effective LQG-corrected geodesically complete Schwarzschild metric, which can be expressed in the form [53] 
where the metric functions f (r), g(r), and h(r) are given by
Here r + = 2M/(1 + P ) 2 and r − = 2M P 2 /(1 + P ) 2 are the two horizons, and r * = √ r + r − = 2M P/(1+P ) 2 with M denoting the ADM mass of the solution and P being the polymeric function P = ( √ 1 + 2 − 1)/( √ 1 + 2 + 1), where denotes a product of the Immirzi parameter γ and the polymeric parameter δ, i.e., = γδ 1. The parameter a 0 = A min /8π is the minimum area gap of LQG. By taking a 0 = 0 = P , it is easy to see that the above solution reduces to the Schwarzschild black hole exactly.
Given the above LQG-corrected Schwarzschild metric, we aim to construct its rotating LQBH counterpart by using the Newman-Janis algorithm modified by Azreg-Aïnou's non-complexification procedure [76, 77] . The first step of the Newman-Janis algorithm is to transform from the Boyer-Lindqiust coordinates (t, r, θ, φ) to the Eddington-Finkelstein coordinates (u, r, θ, φ). On applying the coordinate transformation dt = du + dr/ f (r)g(r) to Eq. (1), we obtain
In terms of null tetrads [76] , this metric can be represented as,
where l a = δ a r ,
These null tetrads satisfy the following conditions, l a l a = n a n a = m a m a =m am a = 0, l a m a = l am a = n a m a = n am a = 0, (6) l a n a = −m am a = 1.
Now we apply the second step of the Newman-Janis algorithm which consists of performing the complex coordinate transformations in the (u, r)-plane,
where a is the rotational parameter. The third step of the Newman-Janis algorithm consists of complexifying the radial coordinate r. However, as mentioned above, in principle there are infinite ways to complexify r [76] . One of us proposed a new procedure [76, 77] , in which one simply drops the complexification of r. Instead, we admit that δ µ ν , in Eq. (5), transform as a vector under the transformation (7) , and that the functions f (r), g(r) and h(r) transform to F = F (r, a, θ), G = G(r, a, θ) and H = H(r, a, θ), respectively. Thus, our new null tetrads are l a = δ a r ,
Using these null tetrads, the contravariant components of the rotating metric are given by Eq. (9) of Ref. [76] , which we rewrite them as 2 ,
So the new metric in the Eddington-Finkelstein coordinates is,
The final and crucial step is to bring this set of coordinates to the Boyer-Lindquist one, by a global coordinate transformation of the form
where [76, 77] 
Since the functions F , G and H are still unknown, one can fix some of them to get rid of the cross term dtdr in the above metric. This is generally not possible in the usual Newman-Janis algorithm since these functions are fixed once the complexification of r is performed, and there remains no free parameters or functions to achieve the transformation to the Boyer-Lindquist coordinates. Now, if we choose [76, 77] 
the rotating black hole solution in the Boyer-Lindquist coordinates turns out to be in the form of the Kerr-like metric,
where
and to simplify the notation we have dropped the prime from φ. For the rotating LQBH, these parameters are defined as
and the metric (16) takes the form
with
where a = L/M is the specific angular momentum (rotation parameter), and M and L are the mass and angular momentum of the black hole, respectively. It is easy to verify that when a = 0 we recover the non-rotating LQBH solution.
III. PROPERTIES OF THE ROTATING LOOP BLACK HOLE
In this section, we discuss the physical properties of the rotating LQBH obtained in the previous section. Specifically, we will discuss the properties of the horizon, the ergosurfaces, and the regularity of the rotating LQBH.
A. Horizon
The event horizon is defined by the surface g rr = 0. For the rotating LQBH, the existence of the horizon and their radii depend on the mass M , angular momentum a, and the polymeric parameters P arising from LQG. From the metric (21) we have
Assuming H to be a regular function as its static counterpart h = lim a→0 H, the component g rr becomes singular when ∆ = 0, which yields The roots of the above equation gives the radii of the horizons. The nature of the roots are very sensitive to the values of M , a, and P . It is interesting to note that the properties of the horizons is independent of the minimal area a 0 = A min /8π in LQG. When Eq. (24) has two different real roots, they correspond to the inner and outer horizons, respectively, and represent the non-extremal rotating LQBH. There exist particular values of the parameters a and P where Eq. (24) has a double real root, corresponding to an extremal black hole. Another interesting case is that for some values of a and P , Eq. (24) does not admit any real root. For this case, the rotating spacetime solution is termed "regular non-black-hole solution" [76] , since it represents a regular spacetime solution without horizon as we shall show later. In Fig. 1 we plot the condition for Eq. (24) to have two real roots (the pink region), one double root (the curve labelled by 'Extreme Case'), and no real root (white region).
When the black hole has two horizons, the radii of the inner and outer horizons are obtained upon solving (24):
where r h1 , r h2 are given, respectively, by (A1) and (A2) in Appendix A. One can easily find that the two horizons are independent of the coordinate θ. It is easy to check that when P = 0, the result (25) reduces to the wellknown expression of the Kerr black hole
B. Ergosurfaces
The inner and outer ergo-surfaces are the twodimensional surfaces which satisfy g tt = 0, which yields
The solutions of this equation gives the radii of the ergosurfaces for the rotating LQBH
where r e1 and r e2 are given by (A6) and (A7) in Appendix A. Notice that for θ = 0 or π the ergo-surfaces coincide with the event horizons. This property is valid not only for (21) , but also for the rotating metric (16) for any given f , g, h, and H. The radii of ergo-surfaces of the rotating LQBH are independent of the minimal area a 0 = A min /8π in LQG, as do the radii of the inner and outer horizons. Figs. 2 and 3 show the behavior for the outer horizon and outer ergosurface for different values of the parameters. The orange circle corresponds to the static case (a = 0) in these figures. From them one can find that the shape of the outer ergo-sphere changes with the spin value a, and the size of the outer horizon decreases with a. Similarly, for fixed a, the radii of the outer ergo-sphere and outer horizon decrease with increasing P . As P → 0, the horizons and ergo-surfaces approach to those of the Kerr black hole.
C. Regularity of the spacetime
The regularity of a black hole solution can be deduced from analyzing the Kretschmann scalar K. This scalar, when tends to infinity, indicates the presence of a curvature singularity inside the black hole. One of the remarkable features of LQG is that it could provide a resolution to the singularity of the spacetime. For spherically symmetric LQBH, it has been shown that the singularity inside the Schwarschild black hole is cured after the quantum corrections of LQG are taken into account [53] . Therefore, it is natural to expect this is also the case for the rotating LQBH obtained in this paper. To see if the rotating LQBH is regular in the whole spacetime, let us study the Kretschmann scalar in the limit r → 0 and θ = π/2,
It is clear that the rotating LQBH is also regular, because of the presence of the minimal area a 0 = A min /8π arising from LQG.
IV. NULL GEODESIC AND CIRCULAR PHOTON ORBITS
In this section, we analyze the evolution of photons around the rotating LQBH. A photon follows a null geodesic in a given black hole spacetime. In order to find null geodesics around the black hole we can use the Hamilton-Jacobi equation given by,
where λ is the affine parameter of the null geodesic and S denotes the Jacobi action of the photon. The Jacobi action S can be separated in the following form,
where m denotes the mass of the particle moving in the black hole spacetime and for photon one has m = 0. E is the energy and L represents the angular momentum of the photon in the direction of the rotation axis. The two functions S r (r) and S θ (θ) depend only on r and θ, respectively. Now substituting the Jacobi action into the Hamilton-Jacobi equation, we obtain
with K denoting the Carter constant. Then, the variations of the Jacobi action give rise to the following four equations of motion for the evolution of the photon,
The motion of a photon is determined by the two impact parameters
To determine the geometric shape of the shadow of the black hole, we need to find the critical circular orbit for the photon, which can be derived from the unstable condition
The geometric shape of the shadow is determined by the allowed values of ξ and η that fulfill these conditions. In general, the shape of the shadow depends on the rotation parameter a.
For a spherical symmetric LQBH, the shadow is a circular disk and it is described by the photon sphere. In this case, the above conditions (41) reduce to
The solution of this equation yields This solution determines the radius r ps of the photon sphere,
For the rotating LQBH, solving the conditions (41), one finds that, for the spherical motion of photons, the two impact parameters ξ and η assume the forms
The parameters ξ and η given by Eqs. (45) and (46) reduce to the expressions of the Kerr black hole when P = 0. It is worth noting that both the shape and size of the shadow are independent of the parameter a 0 , since (ξ, η) depend only on the parameters M , a, and P . As we shall show in the next section, the parameter P , a manifestation of the effects of LQG, tends to make the shadow smaller in size and more distorted in shape. Consequently, with the expressions of the two impact parameters given above, we will be able to find out the deviations from the Kerr spacetime. In the next section, we use these relations to discuss the shape and size of the shadow of the rotating LQBH.
Note that both expressions for (ξ, η) diverge as a → 0, however, the expression ξ 2 + η has a finite value at a = 0, as we shall see in the next section, and it coincides with the right-hand side of (44).
V. OBSERVABLES OF BLACK HOLE SHADOW
In this section, we aim to construct the shape of the shadow of the rotating LQBH we obtained in Sec. II. In general, the photons emitted by a light source will be deflected when they pass by the black hole because of the gravitational lensing effects. Some of the photons can reach the distant observer after being deflected by the black hole, and some of them directly fall into the black hole. The photons that cannot escape from the black hole form the shadow of the black hole in the observer's sky.
The border of the shadow defines the apparent shape of the black hole. To study the shadow, we adopt the celestial coordinates:
where we have used Eqs. (36)-(39), r 0 denotes the distance between the observer and the black hole and θ 0 represents the inclination angle between the line of sight of the observer and the rotational axis of the rotating LQBH. In the special case where the observer is on the equatorial plane of the black hole with the inclination angle θ 0 = π/2, one obtains
It is easy to show that the two celestial coordinates satisfy
Using Eqs. (45) and (46) we obtain
Since D (46) does not depend on a, it is obvious from (52) that ξ 2 + η = α 2 + β 2 has a finite value at a = 0. Now we can calculate the observables and plot the shape of the shadow for the rotating LQBH by using Eq. (52) . According to (52) , it can be seen that the shape and size of the shadow for the rotating LQBH depend on its specific angular momentum a, the inclination angle [which was set = π/2 in (52)], and the polymeric function P . We shall plot α v.s. β to display the shape and size of the shadow for various values of a and P at different inclination angles. In the following, to make comparisons, we consider the non-rotating LQBH and the rotating LQBH, respectively. 
A. Non-rotating LQBH
We first consider the non-rotating case. For this case, one can easily find that the shape of the shadow is a standard disk, while its radius is closely dependent on the mass M of the black hole and the polymeric function P . The observable R s , which is the apparent size of the shadow for the spherical symmetric LQBH, can be calculated via
The shape of the shadow for the spherical symmetric LQBH (a = 0) is plotted in Fig. 4 for different values of the polymeric function P . It is obvious that the size of the shadow region decreases with increasing P . The polymeric function P arising from LQG is expected to be constrained by the measurement of the angular diameter of the shadow. For the central supermassive black hole in M87*, depending on the distance D between the black hole and the Earth, the angular diameter of the shadow seen by the observer is given by,
which is θ s = (42±3)µas as measured from the first image of the black hole by EHT [1] . However, in the static LQBH case, the polymeric function P and the black hole mass M are degenerate. They both affect the apparent size of the shadow, and the nonzero polymeric function P may increase the mass of the supermassive black hole in M87*. In this case, the constraint on P is only possible if the mass can be measured precisely in other independent observations. Therefore, if the mass of the black hole can be measured independently from other observations, it will break the parameter degeneracy and possibly lead to interesting bounds on the parameter space (M, P ). Conversely, one may try to constrain M . A Taylor expansion of the right-hand side of (54) about P = 0 yields
and
and Eq. (56) yields
From (57) and (58) we obtain the following constraint on M , resulting from the effects of LQG in the spherical case of black holes,
B. Rotating LQBH
In the rotating case (a = 0), the shadow in the parameter space (α, β) will be of a deformed circle due to the dragging effects. In Fig. 5 , we display the contour of α and β in Eq. (52) delineating the shadow of the rotating LQBH for different values of the angular momentum a, inclination angle θ 0 , and polymeric function P . The shadow corresponds to the region inside each closed curve. These figures reveal the interesting property that the shape of the black hole shadow changes with respect to the polymeric function P for fixed a and θ 0 . For a fixed angular momentum, the shape of the shadow gets more deformed from circularity as P increases. For lower values of the angular momentum a, the shape is almost circular, while the deviation becomes significant when the rotation parameter approaches a large value, i.e., a = 0.9. For the case P = 0, our result coincides with that for the Kerr black hole. Now let us turn to consider the actual size and distortion of the shadow for the rotating LQBH. For this purpose, we define two observables that characterize the black hole shadow, namely, R s and δ s , where the parameters R s and δ s correspond to the actual size of the shadow and distortion in the shape of the shadow, respectively. We approximate the shadow periphery by a reference circle that coincides at the top, bottom, and extreme right edges with the shadow. The size of the shadow R s is the radius of a reference circle passing by the three points: the top point (α t , β t ), the bottom one (α b , β b ), and the most right one (α r , 0) of the shadow. The points (α p , 0) and (α p , 0) are points where the circle of the shadow and the reference circle cross the horizontal axis at the opposite side of (α r , 0), respectively. The radius R s gives the approximate size of the shadow, and δ s measures its deformation with respect to the reference circle. Performing a simple algebra calculation, one determines the radius of the reference circle by
where we have used the relations α b = α t and β b = −β t because of the symmetry of the shadow. Now,
where D s is the distance from the most left point (α p , 0) of the shadow to the most right point of the reference circle (α p , 0). Considering the relationα p = α r − 2R s , we obtain
where d s = α r − α p is the diameter of the shadow along the α-axis. For the shadow cast by the spherically symmetric LQBH, the outline of the shadow will coincide with the reference circle, so there will be no distortion, i.e. δ s = 0. We numerically calculate these observables and the results are presented in Fig. 6 . It is evident that the presence of the polymeric function P from LQG has a profound influence on the apparent shape and size of the shadow. It is shown clearly in Fig. 6 that, as the polymeric function P increases, the shadow size gradually decreases, while its distortion gradually increases, for fixed θ 0 and a.
Here we would like to go further and see how the effects of the polymeric function P are tied to the recent observation of the black hole shadow in M87* by EHT Collaboration. The observation indicates that the shadow is nearly circular and the deviation from circularity is less than 10%. For the Kerr spacetime, it is interesting to note that this observable is independent of the measurement of the mass of the black hole, and is very sensitive to the angular momentum of the black hole. For the rotating LQBH, since the polymeric function P increases the distortion of the shadow, one expects that it could lead to some significant contribution in the deviation from circularity. In order to see how the polymeric function P can affect the deviation from the circularity of the shadow, let us consider the average radius of the shadow,
where (α c , 0) denotes the geometric center of the shadow and ϑ determines the angle along the shadow boundary from the α-axis,
Then the deviation from the circularity of the shadow is defined as
We numerically calculate the circularity of the shadow ∆C and plot it as a function of the polymeric function P for different values of the spin parameter a and inclination angle θ 0 in Fig. 7 . The left panel corresponds to θ 0 = 17 o . The cases for the spin values a = 0.9, 0.4, 0.3, 0.2, and 0.1 are, respectively, described by the red dotted line, blue dashed line, green solid line, orange solid line, and purple dotted dashing line. The gray dotted curve in each panel denotes the maximum value of the polymeric function P for different values of a. Therefore, the region above the gray dotted curve is the forbidden region of the parameter space (P, ∆C). For both panels, one can easily find that ∆C increases with increasing P for fixed a. Similarly, for a given P , ∆C also increases with increasing a. Comparing the two panels, it is interesting to note that the inclination angle has a significant influence on the circularity of the shadow ∆C, which significantly increases as the inclination angle increases from θ 0 = 17 o to θ 0 = 90 o . Considering the inclination angle for the black hole shadow of M87* is about θ 0 = 17 o , it is evident to infer from the left panel of Fig. 7 that all the allowed values of (a, P ) are consistent with the observational data, which implies that one will not be able to get any meaningful bounds on (a, P ). One expects that future precise measurement of the deviation from circularity for the black hole shadow can have capacity to give interesting bounds on (a, P ) for a given inclination angle.
VI. CONNECTION BETWEEN THE SHADOW RADIUS AND QNMS
In a seminal paper by Cardoso et al. [96] , it was argued that in the eikonal limit, the real part of the QNMs is related to the angular velocity of the last circular, null geodesic, while the imaginary part of the QNMs is related to the Lyapunov exponent that determines the instability time scale of the orbit,
Furthermore, this important result is expected to be valid not only for static spacetimes but also for rotating black holes. Later on, Stefanov et al. [97] pointed out a connection between black-hole QNMs in the eikonal limit and strong lensing. Very recently, Jusufi [98] pointed out that the real part of the QNMs and the shadow radius are related by the following relation:
which is precise only in the eikonal limit having large values of l. Hence we can write
In other words, instead of the angular velocity, it is more convenient to express the real part of QNMs in terms of the black hole shadow radius. This close connection can be understood from the fact that the gravitational waves can be treated as massless particles propagating along the last null unstable orbit out to infinity. At this point, we note that the correspondence is not guaranteed for gravitational fields, as the link between the null geodesics and QNMs is shown to be violated in the context of the Einstein-Lovelock theory even in the eikonal limit [99] . Although the relation (67) is not accurate for small l, as we are going to see, it can provide important information about the effect of the quantity P on the shadow radius once we have calculated the real part of QNMs or vice verse. In what follows, we are going to elaborate the effect of P on the QNMs in the context of the effective LQG. Toward this purpose, let us start from the corrected Schwarzschild metric (1) and introduce the following coordinate transformation
which yields the following metric
Using the formalism developed in [100] , the Regge-Wheeler equation can be written as follows
where the effective potential is given by
with s = 0 denoting the case for the scalar field while s = 1 representing the case for the electromagnetic field. Having the expression for the effective potential one can use the WKB approach to compute the QNM frequencies.
As it is well known, the WKB method is basically used to solve the problem of waves scattering near the peak of the potential barrier. This method was used by Schutz and Will [101] , then developed to the third order by Iyer and Will [102] with the QNM frequencies given by where
In the present paper, we are going to use the sixth order WKB approximation developed by Konoplya [103] i
where the constants Λ 4 , Λ 5 , Λ 6 can be found in [103] . Note that V 0 represent the height of the barrier and V 0 stands for the second derivative with respect to the tortoise coordinate of the potential at the maximum. The corresponding potentials for the scalar and electromagnetic fields are given in Fig. 8 . The corrections depend on the values of the potential and higher derivatives of it at the maximum. We have presented our QNM results for the scalar and electromagnetic perturbations in Table  I and Table II , respectively. From Table I and Table II (but see also Fig. 9 ), we see that by increasing P , the real part of QNMs and the imaginary part of QNMs increase in their absolute values. Moreover, we see that for the scalar field perturbations the values of the real part/imaginary part of QNMs in absolute values are higher compared to the electromagnetic field perturbations. This means that the scalar field perturbations decay more rapidly compared to the electromagnetic field perturbations. In general, however, the QNMs for the LQBH deviate from the vacuum Schwarzschild black hole due to the quantum effects, and for any P > 0, the field perturbations induced by quantum effects decay more rapidly compared to the Schwarzschild vacuum black hole (see Fig. 10 ). Once we have computed the real part of QNMs and shown that ω increases with P , we can make use of the inverse relation between ω and the shadow radius
to show that the shadow radius decreases with increasing P , as can be seen from Figs. 4 and 5 from the geodesic method. It's quite amazing that we can deduce this information directly from the inverse relation between the real part of QNMs and the shadow radius (67) even in the case of small multipoles l, although the relation (67) is precise only in the eikonal regime, l >> 1. Note that the gravitational perturbations in the spacetime of metric (1) has been investigated in Refs. [69] and [104] . In Ref. [104] the metric of the non-rotating loop quantum black hole was expressed in terms of the mass parameter m which is related to the ADM mass M by M = (1 + P ) 2 m. However, some care must be taken due to the fact that the physical mass measured by an observer located at spatial infinity is the ADM mass M and not the mass parameter m. Taking into consideration this fact, we have expressed in this present work, the metrics of the non-rotating and rotating loop quantum black holes in terms of the ADM mass to study the shadow and the QNMs. From the shadow plots, Fig. 11 , we see that the shadow radius decreases meaning that the real part of QNMs must increase, as shown in Fig. 9 , due to the inverse relation between them (77) . We have verified this fact using the WKB method to compute the QNMs. This seems to be not the case in Ref. [104] where a non-monotonic behavior of the real part of QNMs in terms of δ, with γ held constant, has been obtained. When γ is held constant P becomes a monotonically increasing function of δ. This means that in Ref. [104] the real part of QNMs has a non-monotonic behavior in terms of P . There is no discrepancy in the results; rather, this is all related to the use of different parameters: In our work we fixed M in Fig. 11 yielding a variable m, while in Ref. [104] m has been held constant resulting in a variable physical mass M . The same can be said for the seemingly contradictory behavior in Fig. 5 of Ref. [104] , where minus the imaginary part of of QNMs, −ω , appears to be a decreasing function of ω , and in our Fig. 10 where −ω is an increasing function of ω .
VII. GRAVITATIONAL DEFLECTION OF MASSIVE PARTICLES
Let us now turn our attention to the gravitational deflection of relativistic massive particles in the spacetime of a LQBH using the approach introduced in Ref. [105] . It is worthwhile to mention that the calculation of the de- flection angle for different black holes is a very attractive area in the studying of strong gravity features of black holes, see refs. [46, 49, [106] [107] [108] for examples. To calculate the deflection angle of massive particles, we shall use a correspondence between the motion of a photon in a cold non-magnetized plasma and the motion of a relativistic massive particle in the curved spacetime. Let (M, g αβ ) be a stationary spacetime in the presence of a cold non-magnetized plasma characterized by the refractive index n
where Ω(x) is the photon frequency measured by an observer following a timelike Killing vector field. In addition, Ω e (x) is known as the plasma frequency given by
with e and m e being the charge and mass of the electron, while the quantity N (x) gives the number density of electrons in the plasma media. On the other hand, Ω(x) can be expressed in terms of the gravitational redshift as fol-
lows
To obtain the above correspondence we can identify the electron frequency of the plasma Ω e with the rest mass m and the total energy E = Ω ∞ of a photon with the relativistic particle total energy
We can now proceed with the calculation of the deflection angle by applying the geometric method based on the application of the Gauss-Bonnet theorem over the optical geometry. Let D ⊂ S be a regular domain of the two-dimensional surface S on the optical metric, then the Gauss-Bonnet theorem can be stated as follows
where χ(D) is the Euler characteristic number and K is the Gaussian curvature, k g is known as the geodesic curvature of the optical domain ∂D, and finally i gives the corresponding exterior angle in the i-th vertex. The Gauss-Bonnet theorem (GBT) then can be reformulated in terms of the deflection angleα (see, [105] )
where the limit R → ∞ was applied. It is well known that for asymptotically flat spacetimes the following condition is satisfied
in the limit when the radius of C R tends to infinity. The GBT then can be simplified aŝ
From the last equation we see that in order to evaluate the deflection angle we need to compute K and k g , respectively. In particular, if we simplify the problem further by considering a light ray moving in the equatorial plane with θ = π/2, then the geodesics curvature reads,
whereĝ denotes the determinant ofĝ ab . Next, the LQBH metric in the linear order of a can be written as,
By making use of the above correspondence of the metrics, one can easily find the Finsler-Randers metric determined by (see, [105] )
where in the last two equations we have introduced the parameter m, which is related to the ADM mass M by the following relation
Furthermore, the refractive index is given by
With these results in mind, the deflection angle can be expressed as followŝ
Note that l is an affine parameter [105] , and S and R represent the source and receiver, respectively. Calculating the Gaussian optical curvature to leading order terms we find
On the other hand, for the geodesic curvature contribution it follows
If we evaluate this expression using the light ray equation we obtain
where b denotes the impact parameter for motion of massive particles. The deflection angle then is,
where s = ±1 correspond to the prograde and retrograde orbits respectively. For prograde orbits the spin of the black hole is in opposite direction of the particle motion, while for retrograde orbit the black hole's spin and the particle's motion are aligned in same direction. Using our expression (95) we obtain the deflection angle to the leading order terms, Finally, we consider a Taylor expansion around P to obtain the deflection anglê
Setting v = 1, the deflection angle of light readŝ
which is the same as the result reported in Ref. [68] for the non-rotating case by setting a 0 = a = 0. From Fig. 12 we find that the deflection angle of massive particles decreases as P increases. From the last two equations we see that taking a 0 → 0 and P → 0 we obtain the deflection angle of massive particles and light in the Kerr spacetime [105] . It is worth noting that in Ref. [106] a leading order term due to the quantum gravity effects of the order G 2 M/b 3 has been obtained, whereas in the present paper we obtained a leading order term of the order of 8M P/b. This shows that the quantum effects in the loop quantum gravity are much stronger. Such significant effects are also apparent in the shadow radius as well as in the QNMs. These results can be potentially used in the future to constrain the parameter P .
VIII. CONCLUSIONS
In this paper we have constructed an effective rotating LQBH solution, starting from the spherical symmetric LQBH by applying the Newman-Janis algorithm modified by Azreg-Aïnou's non-complexification procedure [76] . We have then studied the effects of LQG on its shadow. We have also investigated the physical properties of its horizon, ergosurface, and regularity at r 0, and shown that the black hole solution may have two horizons, one merging horizon, or even no horizons at all, depending on the polymeric function P and the rotation parameter a. These three cases correspond to the regular rotating LQBH, extreme rotating LQBH, and a regular non-black-hole solutions without horizons, respectively.
We have also discussed the effects of LQG on both the shape and size of the shadow, and shown that, in addition to the angular momentum a, the polymeric function P causes deformations for both the size and shape of the black hole shadow. For a given value of the angular momentum a and the inclination angle θ 0 , the presence of the polymeric function P shrinks the shadow and enhanced its deformation with respect to the shadow of the Kerr spacetime. In addition, we have also discussed the effects of the polymeric function P on the deviation from circularity of the shadow, which shows that the deviation from circularity increases with increasing P for fixed values of a and θ 0 .
In addition, we have studied the connection between the real part of QNMs in the eikonal limit and the shadow radius. First, using the WKB approximation to the sixth order we have shown that the QNM frequencies in the spacetime of the LQBH deviate from those of the Schwarzschild black hole, as a result, the field perturbations decay more rapidly compared to the Schwarzschild black hole due to the induced quantum effects. Importantly, it is shown that ω increases with increasing P , implying a decrease of the shadow radius R S due to the inverse relation R S (P ) = lim l>>1 l ω (P )
.
Although this correspondence is precise only in the large limit of l >> 1, it can still be very useful even in the case of small multipoles l to analyze the dependence of R S (P ) on P . This relation has the advantage of predicting the dependence of the shadow radius on P directly from the real part of the QNMs, as is shown in Fig. 11 . This result is shown to be consistent with the one obtained via the geodesic approach as can be seen from Figs. 4 and 5.
Finally, we have also calculated the deflection angle of relativistic massive particles in the spacetime of the LQBH. Our calculations show that the deflection angle decreases compared to the Schwarzschild black hole (see from Fig. 12 ). This result could be potentially interesting to distinguish different spacetime solutions.
